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Abstract 

We evaluate the exact one-loop partition function for fundamental strings whose world- 
surface ends on a cusp at the boundary of AdS4 and has a "jump" in CP^ This allows 
us to extract the stringy prediction for the ABJM generalized cusp anomalous dimension 
r^p^(0, 9) up to NLO in sigma-modcl perturbation theory. With a similar analysis, we 
present the exact partition functions for folded closed string solutions moving in the AdSa 
parts of AdS4 x CP^ and AdSg x x x backgrounds. Results are obtained applying 
to the string solutions relevant for the AdS4/CFT3 and AdS3/CFT2 correspondence the 
tools previously developed for their AdSs x counterparts. 
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1 Overview 

Since the seminal paper of fT) semiclassical quantization of strings has been an efficient way to 
quantify the structure of the AdS / CFT correspondence |2| , particularly in connection with the 
supposed underlying integrability of the planar system [s] . In the case of the spectral problem 
for the AdS5/CFT4 correspondence [4j, a number of purely stringy-derived results have first 
inspired the formulation of the integrable equations for the spectrum and then confirmed the 
results obtained via an integrability-based approach. 

The remarkable new findings of (5||6] establish, proving it via comparison with perturba- 
tive gauge theory results [7|[8], that suitably modified thermodynamic Bethe ansatz integral 
equations can efficiently calculate the generalized quark-antiquark potential V{X,(f>,9) (7|, or 



2 



generalized cusp, realized as a family of Wilson loops with one geometric {(/)) and one "in- 
ternal" {6) angle, which shows a non-trivial coupling dependence. Equivalently remarkable 
observations (9|[Io] have further analyzed via localization the small angle region ^ 1 of 
V{X, (/>, 6) (related to a variety of other physical observables) , which was then evaluated as an 
exact function of the coupling. While confirming the intuition that the integrability of the 
system should apply also to the case of open strings and their dual Wilson loop configurations 
(see [T^ for earlier studies in this sense), these findings open the way to a wide variety of 
further developments. 

In particular, we evaluate here the exact one-loop partition function of macroscopic Type 
IIA strings in AdS4 x CP^ background with world-surface ending on a pair of (time-like) 



antiparallel lines respectively in flat space (section 2.1) and in S 



(section 2.2), adding 



in the second case a "jump" in CP^. The study of the corresponding Wilson loops operators 
in three-dimensional Af = 6 supersymmetric Chern-Simons theory (ABJM theory) |12[|13| , 
highly non-protected observables, has been only recently carried out in fl4], while previous 



literature focused on supersymmetric [15-20 or light-like |21| Wilson loops. The study of 



singularities, renormalization and exponentiation properties of these Wilson loops, contained 
in [14], has provided the ABJM extension (significantly more sophisticated) of the A/" = 4 SYM 
"quark-antiquark" potential [22] 23 and, respectively, its generalized version (7). Here we 
consider the corrections to their leading strong coupling behavior, with an analysis similar to 
and |7 . The "jump" in CP^ can be realized on a generic within CP^, since 



the ones in 



24 



the R-symmetry of the theory makes the choice fully general. Once the connection between 
localization and integrability is realized as in [o] also within the ABJM framework we expect 



that our formula ( 2.16 ) below will be reproduced via the strong coupling expansion of the exact 



results for the 1/2 BPS Wilson loop found in 26 . As remarked in [6|, the evaluation of the yet 



undetermined function h{X) which appears in the ABJM magnon dispersion relation [27, 28 
could then finally become possible]^ 

It would be interesting to provide an analysis similar to the one here performed for the 



string configurations dual to the 1/6 BPS loops of 15,16,18]. The starting point would be 
there a classical string configuration represented by a solution "smeared" along a CP^. As 
we know from the exact results of the ABJM matrix model the correspondingly more 
complicated ansatz will result in the same leading, classical, value as for the case here obtained 
but in a different, likely much more involved, fluctuation spectrum. In the recent 39 , the 
partition function for the string solution corresponding to the ABJM circular Wilson loop has 
been evaluated, whose discrepancy with the exact prescription from the matrix model works 
similarly to the case of its AdSs x S^ counterpart [io]. 



Below we also revisit the one-loop correction to the energy of a string folded in the AdSs 
subspace of the AdS4 x CP^ background, evaluating its exact partition function and deriving 
from it the relevant long and short string limits, as was done for the AdSs x S^ case in 



41 



We 



*To this purpose, contours analog to the ones exploited in |9j (e.g. the solutions of 
cited) are in fact yet to be constructed. 



25 



and others there 



'For the leading order corrections to h{X) at strong coupling see 



of h{X) has been calculated to fourth order in the coupling constant 38 



29 


37 


38 





At weak coupling the expansion 
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recall that the genuinely field-theoretical tools used here for a direct world-sheet quantization 
are in principle alternative or complementary to the integrability, algebraic curve approach 
to the semiclassical quantization of strings [42||43| . This observation, in fact, would be highly 
non-trivial for the case of the Wilson minimal surfaces corresponding to the quark-antiquark 
potential [44j or its generalized version (7] that we see here below in their ABJM extension. 
However, the recent results of [45] establish at the classical level a well-defined description 
of such minimal surfaces in terms of appropriate algebraic curves Qthus giving confidence 
in a possible extension to this case of the same powerful tools used to compute quantum 



corrections to classical spinning string solutions 42 , which might as well work in the ABJM 
setting. While for closed spinning string solutions the algebraic curve approach is already 
an established powerful device for obtaining quantum corrections, a direct comparison of the 



results obtained is yet problematic, see section |2.3| below. To clarify these discrepancies, 
as well as for a better general understanding of world-sheet quantization, it would be very 
interesting to develop the necessary analytic tools for an exact analysis of the case in which the 
folded string is both spinning in AdSa and rotating in CP^. This highly non-trivial problem, 
however, has not yet been resolved in the AdSs x framework, as it would require the exact 
diagonalization of the mass matrices appearing in the study of fluctuations. As a starting 
point to this purpose, it might result useful our refined analysis of fluctuations around the 
folded string moving non-trivially in AdSs x 47 , to which Appendix [pj is devoted. There, 
we show how the known mixing of bosonic fluctuations occurring for non-vanishing AdSs 



spin and orbital momentum 47,48 has its supersymmetric counterpart in a non-trivial 
fermionic mass matrix. 

We also report on similar results valid for the same configurations once they are seen as 
Type IIB string solutions for the the sigma-model in a AdSa x x x background with 
RR fluxes, and its limiting case AdSs x x T^ |49|. For this system a full set of Bethe 



equations for the spectrum were proposed 50,51 . The one- loop world-sheet analysis carried 



out in this paper can be seen as a first step in checking these equations beyond leading order 
at strong coupling. 

In the following two sections we report some exact one-loop results for the relevant string 
solutions mentioned above in the two backgrounds of interest here, AdS4 x CP'^ and AdSs x 

X X S^. The details for their derivation, and several comments on the same details, are 
collected in the rich Appendices |B] and [Cj Appendix [A] shortly describes the spinorial and 
Gamma matrices notation. In Appendix [D] we revisit the analysis of fluctuations around the 
folded string in AdSs x S^. 



®The analysis of |45j extends to the minimal surface corresponding to the Wilson loop with a null cusp 
and to the classical solutions corresponding to correlation functions of local operators. A possibly related 



contraction of minimal surfaces in AdS starting from higher genus algebraic curves has been presented in 46 
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2 Exact one-loop results in AdS4 X CP^ 



In this section we evaluate the exact one-loop partition function of macroscopic Type IIA 
strings in AdS4 x CP^ background with world-surface ending on a pair of (time-like) an- 



tiparallel lines respectively in flat space (section 2.1) and in S x M (section 2.2), adding in 
the second case a "jump" in CP^. We continue in section 2.3 with the evaluation of the 
exact partition function for a folded string solution moving non trivially in the AdSs part 
of the background. Notation and relevant information for this background are presented in 
Appendix [B] 

2.1 Antiparallel lines 



In this case the relevant string solution found in the AdSs background 44 can be embedded 
within its AdS4 subspace and the CP^ part of the sigma- model is classically irrelevant In the 
planar limit there is then no-difference with the result obtained in [44], provided the mapping 
AAdSs — ^ ^ = 27r2A, with A = ^, is usedj^ Therefore, the leading strong coupling value for the 
"quark-antiquark" potential in = 6 Chern-Simons theory, as derived from the Nambu-Goto 
action for the dual sigma- model in AdS4 x CP"^ ia^' 



TT 



2 



<^jm(A,^) - -4]K(i)2^ = -2V2K"(i)2L' ^ ^> ^ ' ^^'^^ 

where L is the distance between the lines and K is the complete elliptic integral of the first kind. 
The spectrum of bosonic quantum fluctuations over the classical solution follows very closely 



the formal analysis of 53 , the actual evaluation of 54 and the analytical work elaborated 
in [24] . Calculations are identical in nature and result in a simple truncation of the bosonic 
spectrum (one less transverse degree of freedom in the AdS space) and in a slightly modified 
analysis for the fermionic modes, which follows from the more complicated nature of the 
compact space CP^. 

Working in static gauge one finds two massive bosonic AdS fluctuations, one longitudinal 
and one transverse, together with six massless bosonic modes in CP^. After a global rotation 



and K-symmetry gauge fixing reviewed in Appendix B.l, the action for the two Type II A 



spinors becomes the standard one for two-dimensional Major ana fermions, and the resulting 



partition function is a rearrangement of the one in 53 



rABJM ^ det6/^(-i7"V« + ^3) ,2 2) 

" det^/2(_y2 + 2) deti/2(_v2 + R{2) + 4) det^/\-V^) ' 

where i2*^2) ^j^g scalar curvature, 7*^ = a2, 7^ = cri and 7071 = — ics are the Pauli matrices. 
We can then immediately resort to the results of |24j, writing down the effective action as 
a single integral in the Fourier-transformed r- variable {dr = ioj) for a ratio of analytically 



'^In the dual gauge theory the scalar couplings are constant along the Wilson loop. 

*This is general to all classical spinning string solutions of string theory in AdSs x S^, at least those with 



few charges 32 , and to the known classical minimal surfaces relevant for Wilson loops 
®See 52 for the leading order result in a setup with flavors. 
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exact functional determinants With the standard regularization, consisting in an exphcit 
subtraction of divergences, the first correction in cr-model perturbation theory to the result 



(2.1 ) reads 



(1) 



ABJM 



(A,L) 



TT 



lim 



det^ w2 e2 



2 ]K(i)Le^o7_^ 2^ " LdetOie detO| det^O^ 



(2.3) 



in terms of the determinant expressions given in i24[^ Explicitly, we have 



^abjm('^'^) 



2K(i)L7o 



+ 00 



duj log 



2"a; Vl - 4a; Vl + 
(16a;4 + 1)3 



+ 



(2.4) 



1 



2K(i)L 



+ 00 

dcj loe 



sm 



(l + >)K(l)Z(a,)+^ 



sinh[2 K(^) Z(ai)] sinh 2(1 + i)K(i) Z(a2) + ^ 

L K(2) 



sinh^[2]K(i)w] 



where Z is the Jacobi Zeta function and 



ai = sn " \/l + 2a;2 



-1 



02 = sn 



-1 



«/ = sn \/l + AiLxj"^ 



(2.5) 



The integral in the first line is easily done, while the second one is conveniently rewritten in 
terms of analytically known constants and a one-dimensional integral representation which 
can be numerically integrated with arbitrary high precision. The result is 



Vabjm(VA, L) 



X 



with 



ai 



2\/2]K(i)2L 
5 log 2 , \/2K(i) /lC(i) Stt log 2 



1 



3\/2 2V27r 



+ 



2^2 V2 



(2.6) 



-0.3606061 , (2.7) 



j^j^^jnum gj^g^ in (B.19) 



2.2 Generalized cusp 

Just as in the Af = 4 SYM case [7|, it turns out to be very useful to add extra-parameters 
to the problem considered in the previous section The antiparallel lines can be put on 
X M separated by an angle tt — (/> along a big circle on S^. Using a conformal transformation, 
this is seen in flat M^'^ as two rays intersecting at a cusp, a geometrical angle vr — (/> in the 
three-dimensional plane One can also consider an internal angle, namely an angle in the 
SU(4) internal space. In the = 4 SYM case, this is realized when each line of the Wilson 
loop presents a different coupling to the scalars. A proposal for a dual string classical solution, 
given the well-defined interpretation for the coupling to the scalars in terms of coordinates on 
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54 



there 



, the fermionic operator can be further diagonahzed after squaring it. 



^°As explained in details in 
"See formulas (2.16)-(2.19) 
^■^For another interesting deformation of the system of antiparallel lines in A/" = 4 SYM see |55 . 
^^One can also see the cusp as the region where a straight line makes a sudden turn, the angle being then 
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S^, naturally follows 44 from the fact that the natural Wilson loop carries an S0(6) indices. 



There is not such an explicit prescription for the considerably more complicated coupling 
structure appearing in the Wilson loops for M = 6 super Chern-Simons theory. Here, each of 



the half-BPS lines is defined as the as the holonomy of a superconnection 19 . Each ray breaks 



SU(4) to SU(3), selecting a direction in SU(4) in a non-trivial coupling to the bi- fundamental 
scalar fields and a coupling involving constant spinors jio]. We don't see how the peculiar 
and novel (with respect to = 4 SYM) feature of a fermionic coupling might influence the 
analysis we perform here in terms of fluctuations over a bosonic classical solution. In total 
analogy with its AdSs x counterpart, one can describe such flnite discontinuity in the 
SU(4) internal space as a "jump" in CP^, which is natural to represent in the form of a rigid 
(time-independent) ansatz for one of the six coordinates in CP^, with the other coordinates 
taking constant values. 

One starts with global Lorentzian AdS4 x CP^, the natural dual to gauge theory on X M, 



- cosh^ p dt^ + dp^ + sinh^ p dip'^ + 4ds'^ 
where ds^ps is the metric (B.5). Taking as world-sheet coordinates t and 99, we choose (the 



translational invariance of the problem makes the embedding coordinates to be 99-dependent 
only) 

p = p{(p), ei = ei{Lp), a = v?! = 6*2 = (/?2 = X = 0, (2.9) 

where the AdS coordinate ip varies in the domain [(^/2, vr — 0/2] and the CP coordinate 9i in 
[—6/2, 9/2]. Notice that the choice of the ansatz for the CP^ coordinates is fully general. The 
ways to select an arc in CP^ are all equivalent, in that there is always a global SU(4) rotation 
that maps them to the same form in terms of the embedding coordinates. In particular, in 
analyzing fluctuations, this allows one to work with different coordinates in CP^ which are 
more suitable for calculations. 



2.2.1 The classical limit 



The ansatz (2.9) solves the classical equations of motion the same way as in the AdSs x 
case. This holds in the case of a non-trivial ansatz for any of the CP^ coordinates To 
account for this generality we call generically •& = 'd{ip) the non-trivial coordinate describing 
the jump. Thus, we can exploit the classical results of 7^^ with the usual mapping A — )• A. 
In particular, from (B.26) one flnds, at leading order in the A — >• 00 limit 

/A2v^64+p2 



reg 



cusp 



In the limit 



T 

TT and 9 



2tt 



bp 



(62 + l)p2 



(for which is k'^ 
ABJM(0)/i, a\ 



lim r 



= 1/2) this gives 
VXtt 



A > 1. 



>7r 



cusp 



4K( 



TT ■ 



(2.10) 



(2.11) 



15 



^*The structure of the scalar coupling was understood already in 
^^This happens provided the ansatz is suitably chosen. In the case o 



18 

, say, = 1,2, 3 in (B.5l, a rescaled 



classical ansatz will compensate the factor 4 in front of the total metric (B.l I 
^^Without even the need to change the variable names! 
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which obviously agrees with (2.1) with the replacement vr 



L. 
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Since the classical Lagrangian is the same, the BPS condition is still E = itJ [25 
implies (p = ±9. In particular, we can expand around the straight-line configuration 9 = 
exploiting (B.33) and the results of [T] to get 

^ ^'.'^^ - - ^(^^ - 0^) {9^ - 5^^) + ^(^^ - 0^) {9- - 

f - (j)'^) {9^ - 270>2 ^ 29102^^ _ 585^6^ ^ q^^^^ q^o 



and 
= 0, 



27r 



vr 



1 



20487r7 



(2.12) 



2.2.2 Fluctuations and one-loop correction to T 



ABJM 
cusp 



The analysis of fluctuations, reviewed in Appendix B.2 goes much the same way as in the 



AdSs X S^ case j?], presenting additional features observed for the ABJM folded string (see 32 
and section [2^3] below), as for example the splitting of bosonic fluctuations in CP^ into "heavy" 
and "light" degrees of freedom. As in [7], we present here the relevant solutions in the two 
cases in which both bosonic and fermionic fluctuations decouple, and the partition function 
can be evaluated in an exact way. In the case oi 9 = 0, one gets a simple redistribution of 
the determinants appearing in the AdSs x S^ case, see formula (B.66). In the case of </> = 0, 
the slightly more complicated structure of CP'^ plays its role, and one finds a splitting in light 



bosons and light fermions resulting in the partition function (B.82). We will evaluate below 



the one-loop correction to the value of the generalized cusp in (2.10) defined as 

-pABJM(l), 



cusp 



T^^I'^^'\0,9) 



-preg 
0=0 



(2.13) 



7 - cusp V " ' " / rp 

In each of the cases above one derives a one-dimensional integral over an expression involving 



complicated special elliptic functions. The results for the antiparallel lines, (|2.6|)-(|2.7) are 

= 1/2 
This 



reproduced from the partition function for 9 = (B.66) in the limit (j) ^ i:, having set k 
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and having taken into account the different normalizations for the partition functions 
matching works exactly as in the AdS^ x S^ case [t] with the reproduction of the results in 
In particular, the ratio between the world-sheet time T and the target space time T, which 
furnishes the expected l/{Tr — <f>) pole for generic k 

r _ 1 _ 2 E-(i-/fc2)]K 

T ~ ~ 



(2.15) 



becomes, in the /c^ 
rescaling used in 



24 



54 



1/2 case, 7r/(7r — (/))]K(l/2). Replacing tt — ^ — )• L, this is indeed the 
for the classical AdSs x S^ solution which has been exploited in the 



derivation of (2.6) 



25 



^^See the discussion on the BPS bound in Appendix C.2 of 
^^One can check that this means to subtract to the numerical resuh of (B.661 the constant K(i)/2\/2vr, in 



other words the value for the constant ai in (2.6 1 obtained with the prescription here used and described in 
Appendix |B. 2. 2| below is 

, 1 „^ + ^(M)+^(l_3^/2)-1^^2 

3\/2 2^/2 TT 7r2 V 2 4' \/2 



ai 



+ 1" 



-0.15194941, 



(2.14) 



which differ from the result (2.71 for the constant mentioned above. 
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Particularly interesting are the small (j) (for 9 = 0) and small (for (f) = 0) limits, translated 
in expansions at small elliptic modulus. In these cases the integrand becomes a series of 
hyperbolic functions which can be exactly integrated resulting in explicit analytic results, as 
derived in the expansions (B.70) and (B.85) using (B.33). The result for the 9 = case reads 



rft,?i^^'^(</.,o) 



cusp 



;47r2 + 



9C(3)W 
4 ' - 



y 16 7r4 ( 32 



527 39C(3) 



45C(5) x 4>^ 

8 ; 647r6^^ 



(2.16) 

Notice that, as in the AdSs x case, a pattern of uniformly increasing transcendentality 
appears. The first terms in the expansion above should be reproduced via the strong coupling 
expansion of the exact results for the 1/2 BPS Wilson loop found in |26], once the relevant 



connection |9| with the small angle region ^ 1 of Fcusp is generalized to the ABJM 



case. The same coefficients should also be reproduced by a strong coupling analysis of the 
ABJM-generalized BTBA equations of (5}|6j, once they become available. 

We also present here our attempt of evaluation for the small 9 expansion in the (j) = case, 
based on the analysis carried on in Appendix |B. 2. 3| 



■pABJM(l)('n n\ 
>- cusp U) 



3f_ 
'8 47r2 



1 log(2) 3C(3)A 9^ 
32 2 4 / 16 7r4 



+ 



(2.17) 



+ 



7 
32 



log(2) 15C(5)\ 0^ 

^ 777^ + '-^(^ 



/ 64 7r« 



This result is in disagreement with the observation of |14| ^ that the BPS condition for 
the ABJM generalized cusp stays the same as in the = 4 SYM case, being 9 = zizcf) and 
implying therefore (under the assumption of analyticity for rcusp('?5*) that the coefficient of 



in (2.16) should be the same as the coefficient of 9 in (2.17). It is not clear to us how to 



obtain an expansion compatible with the study of 14 , and it is likely that an alternative or 



more careful analysis will lead to correct (|2.17l) ^'^l In particular, it would be interesting to 



investigate the possible dependence of this discrepancy on the choice of regularization. While 
the regularization scheme used in this paper seems natural from the world-sheet point of view, 
the distinction between "light" and "heavy" modes modes in the spectrum (a feature of any 
non trivial "motion" in CP'^) might suggest a prescription that treats the UV divergencies 
of the corresponding determinants differently, much in the same way as in the discussion 
It is likely that the use of algebraic curve methods (when developed at this 



of m. 36 



order of sigma-model perturbation theory, see Overview) would help in clarifying possible 
regularization issues 



21 



(for example on the lines of 35 and 56 



2.3 Folded string 

In this section we report what the semiclassically "exact" analysis used in the previous section 
can teach us if we use it for the quantization of the folded string in AdS4 x CP'^ 29 3l[]33 , 



The results of 
section 3.2 there. 



14 



were not yet available when the earliest preprint of this paper was made public. See 



^"This would also likely eliminate the odd presence of log 2 terms in it. 

^^See the discussion around C.42 below for the case of the spinning string in AdSs. 
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recently reconsidered in 



57 



58p 



In particular, we consider the case when the string is 



spinning in the AdSs part of AdS4 x CP^. We then havq^ 



t = HT . 



cosh^ pdt'^ + dp^ + sinh^ p < 



UJT . 



4, 



2' 



= p{(j + 2tt) , 

TT 

- , Ts = 0, s = 1,2,3. 



(2.18) 



In this case, and in static gauge, both bosonic and fermionic fluctuations are decoupled and an 
analytically exact one-loop partition function can be written down. Since the classical motion 
of the string is restricted to AdSa, in the planar limit and classically the result is the same 
as the one obtained in [l ■ 
used 



47 



the only requirement being the mapping AAdS^ — ?• A = 27r^A is 



24 



The semiclassical analysis of fluctuations is again only a slight modification of the one 
conducted in the AdS5 x framework 



41 



, and in fact an analog set of information can be 
inferred in the two relevant limits of long and short strings via a systematical expansion in 
large and small spin. For the bosonic spectrum we work in static gauge, since it is in this case 
that they are all decoupled and an analytic expression for the one-loop partition function can 



be derived. The result is obtained by truncating the fluctuations in AdSs 47 so that one 



transverse degree of freedom is eliminated. There are then additional six massless degrees 
of freedom in CP^. As reviewed in Appendix B.3, the bosonic contribution to the one- loop 
effective action is then 



1 

2 

2k2w2 



log det + log det + 6 log det Oq 
Oe = -dl + ^2 + 2p'^ , O, 



(2.19) 

-dl + n'^. (2.20) 



From the analysis of Appendix B.3, it follows that the fermionic counterpart to (2.19) in the 
effective action reads 



1 



3 log det + 3 log det + 2 Oq 



2 



I " I '2 
±P +p 



(2.21) 
(2.22) 



Of the eight effective fermionic degrees of freedom, two are massless and the other ones have 
masses which coincide with the ones appearing, although with different multiplicities, in the 
AdSr, X case 



41 



. The same holds for the bosonic fluctuations (2.20). It is therefore easy to 



exploit the analysis of |4l| and write down immediately the one-loop correction to the energy 



59 



^■^See also the recent 
^^We follow the notation of 



for an interesting interpretation of the results in 
and set the AdS4 radius to 1. 



32 



32 



^*As observed in |32|, the equivalence of the classical solutions for the two backgrounds AdSs x and 
AdS4 X CP'^ extends to the results for the classical energy and spin. Therefore at the classical level the 
prescription relating the AdSs x S'' and AdS4 x CP^ results is equivalent to no rescaling at all. Namely, one 
rescales AAdSs ~* 2A, and replaces E, S in AdSs results by 2E and 25*. Changing the string tension by 2 is 
compensated by rescaling of charges by 2 so that classical parameters remain the same. 
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of the folded spinning string in the present case 

^ /"OO 



25 



AlTK 



dQ log 



det^ a 



det det Oe det^ Oq ' 



(2.23) 



where k = ^K,K = K{k^) (see (B.87)) and we used that det O^^ = det O^. = det m. 



2KZ{a0 I k^) where sn(ae | k^) = — , (2.24) 



Above, the determinants have the following explicit expression 
detC'0= 4sinh2 

2'KZ{a^\k'^) where sn(a(^ | P) 
where sn(a^ | P) 



26 



k 



detC'A= 4sinh^ 



1 + 



det = -4 cosh^ 
det Co = 4sinh2 



where k'^ = ^^^^^ and 



]KZ(a^|P) 
K = K(P). 



(2.25) 

(2.26) 
(2.27) 



2.3.1 Long and short string limits 



The expression (2.23), as such only numerically evaluable for given values of k, gives valuable 



analytic information once the integrand is expanded in the large spin ("long string" or /c — )• 1) 
limit or in the small spin ("short string" or A; — )• 0) limit. In the long string limit, the final 
result for the large spin expansion, obtained following the lines of (47^'' reads 



El 



Kq 
K 



COI KQ + Coo + 



-0,-1 
Kq 



+ Cll /to + ClO + 



where the explicit values are 
log 2 

COI = ' '^00 

Cll = , cio 



1 5 , 

7^ + -log2, 

2 vr 



2tt 



log 2^ 



1 

"3' 

1 5 log 2 
4^ ^ 27r2 ■ 



(2.28) 

(2.29) 
(2.30) 



^Using the large-f2 expansions of the determinants, also written down in |41 , it is easy to check that the 



expression (2.231 is UV finite. 

^® The fermionic functional determinants are derived, as in 



41 



We agree therefore with the discussion in 



60 



choosing periodic boundary conditions, 
according to which for the folded string (in AdSs x and in 



AdS4 X CP'') it is not clear whether antiperiodic boundary conditions should be used for the fermions ^ij. We 
notice that this would change the cosh^ in sinh^ in the fermionic functional determinant (2.261, cf. footnotes 
and 



28 



29 



In particular, lacking a complete control over them, exponential corrections occurring in the large spin 



expansion of the determinants are systematically neglected, see Appendix E in 41 
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For completeness, we report here the first few orders in the large spin expansion of the one-loop 



energy as found explicitly in terms of the spin (B.89 
El 



28 



27r 



where S = 8ttS. 



51og2 - ^ + 101og2 
log 5 + - 



vr 



1 
S 



2tt 
20 log 2 



3 log 5 



vr 



, = 2vr + 301og2 
log 5 h 



47r 



vr 



Slog^cS 



(2.31) 
5 » 1, 



With the expressions ( 2.28 )-( 2.30) at hand, we are able to check the pattern of reciprocity 



relations between terms subleading in the large S expansion which has been largely observed 
in the AdSs x framework (for a review see 162)), and that at the semiclassical string level 



has been always performed on an action of the type ( 2.28 ) . At the classical level this is already 
proven [63]. To see that explicitly [41 63 at one loop we check the parity under S — )• —S of 
the function V{S) defined perturbatively via 



A(5)=7'(5 + -A(5)), 



A(5) = Ao(5) + 4FAl(5) + •• 



(2.32) 



where Ao(5) = £q — S^ and Ai(5) = £i are redefinitions of the classical and one-loop energies 
[El = ^/XEi). Solving perturbatively for V in (2.32) 



k=i ^ ^ 



(2.33) 



one finds a parity invariant expression 

51og(2)log5 



Vi 



2tt 



31og5 2 



vr 



(2.34) 



The analysis above is a strong coupling confirmation of the weak coupling analysis of |64], 
in which reciprocity relations were checked, up to four loops, for the large spin expansion of 
the anomalous dimensions of operators of twist L = 1 in the three-dimensional A/" = 6 super 
Chern-Simons theory. 

Similarly, one can consider the small spin or short string limit |65| of the folded string 
energy, realized by sending — )• oo or A; — )• 0. To this purpose it is useful to consider an 
alternative expression for the final effective action, which is free from IR-divergence problems 



in the relevant expansion, and that is reported in (B.99). Using the results there mentioned, 



term in (2.31 1 is consistent with the low-energy effective theory for an AdS4 x CP folded string 



with periodic boundary conditions for fermions. Indeed, in the low-energy limit the energy is E\c = i2i,^g5 ; 
with c the central charge, which, in this case, is c = 6 — 2 = 4, counting 6 massless bosons and 1 massless 
Dirac fermion with periodic boundary conditions. B. Basso recently suggested, from considerations based on 
the Bethe ansatz, that massless fermions should have anti-periodic boundary conditions. We explicitly checked 
that changing only the massless fermions from periodic to anti-periodic leads to a term -i2\2gS agreement 

a world-sheet analysis. We thank B. Basso for discussions on this point. 



where cap = 6 -f 1 = 7. However, such a choice seems unnatural from the point of view of 
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one can write down the following small spin expansion of the one- loop correction to the energy 



E- 



(an) 



El 



E 



^(an) _|_ ^(nan) 



l-3 1og2 + — 5 
lb 



§5 + 1 



E 



(nan) 
1 



1 



- 5 + 6 log 2 
3 log 2 _^ 



f 3C(3)) + 0(5^) 



A 



1 

+ 2 + 



(2.35) 
(2.36) 

(2.37) 



As in ^41j, we have separated Ei into an "analytic" part (with 5-dependence similar to the 
classical energy (B.92)) and a "non-analytic" part, containing would-be IR-singular contri- 
butions of the lowest eigenvalues. In the last line we have made explicit the A-dependence, 
adding together the classical and one- loop results]^ The pattern of transcendental coefficients 
log 2, C(3), C(5) in the formula above resembles the one appearing in the AdSs x case 



41 



60 



It would be nice to analyze the short string limit in a larger class of string configurations to 
see whether universality patterns similar to the ones observed for the AdSs x case in 66 



manifest themselves also in this context. Our results are obtained using periodic bound- 
ary conditions for fermions (see footnote 26), the alternative choice of antiperiodic boundary 
conditions would, as in the AdS^ x case 



60 



66 



, remove the log 2 terms. 



As mentioned in the Overview, relating the results obtained above with the one exploiting 
the algebraic curve tools is in general problematic. In particular, it is not possible to compare 
our (2.31) and (2.35) with the limit ^7 — t- (^ — t- 0) of the recent interesting results of [58| . 
The "non-analyticity" of this limit has been first noticed in ^7| and confirmed in [68] (see 
also related discussion in [69]). A direct quantization of the folded string solution keeping 
exact both the spin and the orbital momentum (S, J), which would help elucidating this and 
similar problems of direct comparison, is a technically challenging problem that would be very 
interesting to solve. 



3 Exact one-loop results for folded strings in AdSa X X X 



In this section we will consider Type IIB superstrings on AdSs x S x M4, where the second 
compact manifold M4 is either x or T^,^*^ The backgrounds we consider preserve 16 
supersymmetries and are dual to two-dimensional conformal field theories with N = (4, 4) 
superconformal symmetry. There are two inequivalent such superconformal algebras, referred 
to as small and large (4, 4) superalgebras, with the maximal finite-dimensional sub-algebras 
being psu(l, 1|2)^ and 9(2, 1; a)^, respectively. The algebras psu(l, 1|2)^ and £)(2, 1; a)^ make 
up the super-isometries of the AdSs x S'^ x T^ and AdSs x S'^ x S'^ x S^ backgrounds. In 
the latter the parameter a, taking values < a < 1, is related to the radii of the two three- 



spheres (see (C.4)). In particular in the limits a — t- and a — t- 1 the radius of one of the two 



three-spheres diverges. The corresponding directions then become flat. Together with the S^ 



^^The choice of anti-periodic boundary conditions for the massless fermions breaks the small spin expansions 
giving rise to divergent terms. 

^°The case M = K3, which can be treated as an orbifold of AdSs x S'^ x T'*, results in a straightforward 
generalization of the case. 
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they can then be compactified to a T^. Hence, the case M4 = can be obtained as a Umit 
of the more general case M4 = S'^ x S^. For q = 1/2 the radius of the two spheres are equal. 
The isometry is then given by d{2, 1; 1/2)^ = 05p(4|2)^. 

Classical string theory in the above backgrounds can be formulated in terms of integrable 



super-coset sigma- models 50 . In 50 51 Bethe equations were proposed describing the string 



theory spectra, or equivalently the spectrum of local operators in the dual CFT:s. Little is 
known about the CFT dual of the string theories considered here However, if the proposed 



Bethe equations are correct they may provide some insight to the spectra of the theories. The 
one-loop calculations performed in this paper can be seen as a first step in checking these 
equations beyond leading order at strong coupling. 

In this section we evaluate the exact one-loop partition functions of a folded string carrying 
angular momentum in AdSa. This solution and its generalization to a spinning string with 
non-zero angular momentum also on the two three-spheres is written down in Appendix [C} 
which also contains more details about the fluctuation spectrum. The appendix additionally 
contains a one-loop analysis of the large spin scaling limit of the spinning string, as well as a 



discussion of the embedding of the classical string solution discussed in section 2.2 into AdSa. 



3.1 Fluctuations 



The bosonic fluctuation Lagrangian in static gauge is derived in section C.2 and reads 



2C2B = sinh^ ^ 1 + 



sinh^ p 



a>9a<^+ 1 + 



2(jji^sinh p 



(3.1) 

The solution to the problem of finding exactly the analytical partition function in cases of 



non-diagonal mass matrices like (3.1) is not known at present. An exact partition function 



can however be obtained for u = 0, where the only non-trivial motion is the one in AdSs. In 
this limit the coupling between the fluctuations (j) and (f disappears and the masses of the 
fluctuations in x S'^ x vanish. The bosonic contribution to the effective action then reads 



ffi = ^ ( log det Oj, + 7 log det Oq 



(3.2) 



where the operator Oi is the same as Oj in (2.20). 



The full fermionic fluctuation Lagrangian derived in Appendix C.3) reads 



aV 



345 



Vl - aT 



678 



a6T^^ + V(l -a)(l -'^)r^^) f ) }^ , (3.3) 



where we have chosen to fix the K-symmetry by xjfi = vj/^ = vj/. As in the bosonic case, an 
exact analytical derivation for the partition function is only feasible in the = case, where 



For discussions on the M = (4,4) CFT2 duals see 70 -72 . 
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we obtain 



(3.4) 



which gives four massless fermions and four massive fermions, among which two have mass 
p'^ — p" and the remaining two have mass p'^ + p". The resulting fermionic contribution 
to the one-loop 2d effective action thus reads 

1 



Ti. = - - ( 2 log det O^,^ + 2 log det + 4 log det Oq ) , 



(3.5) 

0^^ = -d-i + n' + p'^^, p'^^=±p" + p'\ 0^ = -dl + n\ (3.6) 



We note that for v = Q the fluctuation spectrum is independent of both a and 5, despite 
the presence of a in (3.4). In particular we can take the limit a = (5 = 1, which is further 
discussed in section 13.31 



3.2 Complete partition function, large and short string limits 

From the frequencies in the last section we find that the one-loop correction to the energy of 
a folded string in AdSs is given by 

detOl 



1 



Attk 



+00 



dO, log 



det O4, det Oj] ' 



(3.7) 



where k is given in (B.87) and we used that detOw,, = detOw.^ = detO^. The determinants 



appearing in (3.7) are the same as in the cases of AdSs and AdS4. We will now evaluate this 



expression in the "long string", or large spin, limit and in the "short string" limit, where the 
spin is small. This is done in complete analog with the AdS4 x CP^ analysis in section 2.3.1 



Long string limit. In the long string limit (A; — )• 1 or 77 — )• 0), we obtain 



El 



Kq 



coi^o + Coo + 



with 



coi = -21og2, 
ci,i = 0, 



Co -1 
cqo 

ClO 



+ CiiKo + ClO + 



4 log 2 
vr 

2 log 2 
vr 



Cl,-1 



co-i 

Cl,-1 



1 

"4' 

2 log 2 



Rewriting this in terms of the spin S = SirS, we then get 
El 



21og2 ^^41og2 vr 
log S + 



vr 



1 

s 



vr 4 log 5 

161og2, - 241og2 
log 5 - 



+ 



vr 



vr 



vr 



log" 5 



Extracting the leading log S term we get 

8^5 



E-S^ /(A) log 



/(A) 



\/A 2 log 2 



vr 



vr 



(3.8) 



(3.9) 



(3.10) 



(3.11) 
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This result is in perfect agreement with the one-loop part of the AdSs x S'^ x T computation 



in Appendix B of |73]. For a further discussion of this result see Appendix C.4 



In analogy with the analysis performed in section 2.3 one can check also in this case that 



reciprocity relations hold, evaluating the analog of (2.34) for the expansion (3.10) above 

2 log 2 log S 



Vi 



TT 



4 log 5 

and noticing its parity invariance under S — )• —S. 



vr 



(3.12) 



Short string limit. Integrating out the zero modes we find the short string expansion to 



the one- loop energy in (|3.7|) to be 

Ei-- 



1 



21og2) +-(25)3/2 ( 



-7 + 121og2 + 6C(3)) + 0(5). 



(3.13) 



Notice that in diff erenc e to the AdSs and AdS4 cases, there is no "non-analytical" part of 
the type E^^^^ in (2.35). This is due to the vanishing of the total contribution from the zero 
modes, i.e., the eigenvalues with lowest energy, which is in turn related to the absence of 
fluctuations transverse to the AdSs motion. 



3.3 The AdSa X X limit 

In the a —7- 1 limit one of the three-spheres in the AdSs x S'^ x S'^ x background becomes 
Hence, this limit describes strings moving in AdSa x S'^ x T^, where the sphere now 



flat 



32 



has the same radius as the anti-de Sitter space [50] . In order to take this limit in the classical 
string solution considered above we first set = in (C.5), corresponding to (5 = 1 in the 



parametrization (C.9). We can then set a 
We then obtain 



1 in the fluctuation Lagrangians (3.1) and (3.3). 



2C2B 



2 _ / ^ sinh p 
sinh p { 1 + 



2uiv sinh p 



and 



KUJU 
2(p'2 + 1.2 



:ri25 + 



■^012 



■^345 



)} 



(3.14) 



(3.15) 



As noted above, the spectrum of fluctuations in the = limit is independent of a. Hence, the 
one- loop energy of the folded string is the same in AdSa x x T^ as in AdSa x x x S^. In 



particular the leading result for long strings in (3.11) matches the calculation in Appendix B 



of [73j. For non-zero u we note that the bosonic fluctuations /3_ and 7_ in (C.19) become 
massless when a = 1. These modes together with ip and U make up the four free directions 
on the torus. 



^The limit a — >■ is equivalent, with the other three-sphere blowing up. 
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A Notation and T matrices representation 

We denote with A, B, ■ ■ ■ = 0, . . . ,9 the lOd flat indices, with M, N, . . . the lOd curved ones, 
and with a, 6 = 0, 1 the world-sheet indices. Finally, the indices I, J, K label the two kinds of 
spinors 9^,9'^, or ^'^^2. 

For the type IIA string in AdS4 x CP^, the spinors are defined as 9 = 9^ + 9"^ with rii6'^ = 9^ 
and Fii^^ = —9'^ , while for the type IIB string in AdS3/CFT2 they have the same chirality 
01 = Tn9\ I = 1,2. The complex conjugate 9 is always defined as 9^ = 9^T^. Finally, we use 
the following representation for the lOd Dirac matrices 

Fo = -■jiT2 (gi /i6 Fii = CJ3 X /i6 Fa = ai(g>7, a = l,...,9. (A.l) 



B Fluctuations in AdS4 X CP^ 

The Type IIA background AdS4 x CP^ is defined via 

F2 = 2k Jcp3 , F4 = '^R^ vol(AdS4) , (B.2) 

8 

where R is the AdS4 radius, (p the dilaton, k results from the compactification of the original 
M-theory on AdS4 x S^/Z^ background and coincides in the dual theory with the super 
Chern-Simons matter theory level number 12 . Above, F2, are the 2-form and 4- form 
field strengths with J^^p^ the Kahler form on CP^. The curvature radius R is related to the 
't Hooft coupling A of the dual M = 6 superconformal Chern-Simons theory (realized in the 
limit of k and large with their ratio fixed) 

R^ = 2'/\VX, A=^. (B.3) 

k 



To describe the background (B.l) we use global coordinates for AdS4 

ds\^S = - cosh^ p df + dp^ + sinh^ p{d4>'^ + sin^ 4) dip^) (B.4) 
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and a parametrization 74 in terms of six coordinates {il^i,4'2,'ip3,Ti,T2,T3) for CP^ 

>2 



(isj,p3 = dV'i + sin tpidilj2 + sin ^/^i cos ipi [dri + sin ■02 (^''"2 + sin ^/^a drajj 

O 0/0 0/ O \0 O O ' 

+ sin -01 sin -02 (c^V's + cos -02 ('^''"2 + sin -03^X3) + sin ■03 cos ^03 dr; 
Alternatively, one might use three inhomogeneous complex coordinates 



(B.5) 



in terms of which the metric 

„2 



tan ^01 tan 0^2 tan 0^3 
V(l + tan2 02) (1 + tan2 0^3) 

tan 0^1 tan 02 
V(l + tan2 1P2) (1 + tan2 0^3) 

tan 0^1 ^i^^ 
1/1 + tan^ ip2 



J{ri+T2+T3) 



J{ti+T2) 



(B.6) 



(itt^i (iwj dwi dwi dwj dwj 



1 + kl 



(1 + 1x^12)2 



\W\ =WkWk. 



(B.7) 



gives back the Fubini-Study metric (B.5). 

Another useful parametrization of CP"^ is the one describing its embedding in 

(B.8) 
(B.9) 
(B.IO) 
(B.ll) 

with < a, ■(92 < TT, < v?!, 992 < 2-^-, < x < 4-^". This leads to the Fubini-Study metric 
ds^p3 = da^ + cos^ ^ {d'dj + sin2 i?i d(fi) + sin2 ^ ((iT?2 + sin2 t?2 (i(/72)+ (B.12) 







a 




■!?! i^4. 


Zl 


= COS 


2 


cos 


— e 2 + 
2 






a 




T?l ,•¥'1 


Z2 


= COS 


2 


sin 








a 






zz 


= sin 


2 


cos 


Y^ ^ 






a 






Zi 


= sin 




sin 






2 




Y^ ^ 



+ sin — cos — {dx + cos ??i — cos ■!?2 ^9^2)^ 



From the inhomogeneous coordinates (B.6) one moves to the homogeneous coordinates (B.8) 
via the map Wi = Zi/z4^, i = 1, 2, 3 and the condition \z\'^ = 1. 

In this background we study quadratic fluctuations over classical string configurations which 
solve the equation of motion for the bosonic action 

Ib = I drda^h^' + 4 . (B.13) 

For this purpose we also need the quadratic term in the fermionic part of the Green-Schwarz 
action 

Cp = i (^/=7i/i«^5^^ - e^'h^A fpa Di^e^ , (B.14) 
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where the form of the covariant derivative is restricted by the background RR fluxes 

j^jkqk ^ ^JK ^ la^x^c^r^c) (B.15) 

with Pa = daX^^ E'^T A and s^'^ = diag(l, —1), where we used already that -?^(3), the three- 
form potential for i<4, will not play a role in our calculations. 



B.l Antiparallel lines 

The classical solution and the formal expression for bosonic fluctuations over it were considered 
for the AdSs x background in 



53 



. As explained in section 



2.1 



since the classical solution is 



here trivial in CP the bosonic spectrum is a simple truncation (one less transverse fluctuation) 



of the one written down in 53 , and the contribution to the effective action reads 
fB = \{ logdet Os + logdet Oe + 6 logdet Oq 



(B.16) 



The fermionic fluctuations are obtained by substituting in (B.14)-(B.15) the relevant classical 
ansatz. If the Wilson lines are extended in the = t direction and located at = cr = itL, 
the ansatz for the corresponding minimal surface is given by y = y(cT), where y is the radial 
direction in AdS. The derivation of the resulting fermionic Lagrangian works much the same 



as in the case of the folded string solution 29 ,32] reviewed below in section 2.3, leading to 



r47 + r 



58 



3r, 



0123 J 



(B.17) 



One notices that it is always possible to further simplify the problem, bringing the 32 x 32 
matrix T above into a 2 x 2 block-diagonal form in block with 4 vanishing entries and the 
remaining 12 consisting of matrices, where is the third Pauli matrix, 
rotation makes block-diagonal the kinetic term in (B.17), with Pq = lie (^iiPi 



The same 

= lie X 0-2 

where cii, ct2 are the remaining Pauli matrices. Thus, one ends with 8 species of 2-d Majorana 
fermions two of which are massless and cancelled by the massless bosons, and the final result 



reads as in (2.2). The rest of the analysis goes as in 24 , based on which it is not difficult to 



check that the final result is given in terms of an analytical and a part which is numerically 
integrable with arbitrary precision, where the latter is defined via 



da 



Xlz 





1 / vr 

2 V2I 

TT 

2K 

TT 



2 cos2 § 



log 



:i + e- 



-2x, 



V2 



1 



-2xf 



sm 77 
2 2 



log(l 



-2x, 



+ COS % log sin Xlz 



+ Kj F[a] 
-K)F[f] + 2KEf], 



IK i?[a] + — sin a 



1 + tan^ 



a 



(B.18) 



21C^[f] +Ktanf 



cos a . 



which gives 

jnum ^ 2.118816702312941142665389260961407916565757084503648488839669 . 



(B.19) 



^The relevant rotation is built with eigenvectors of the matrix roFi, which commutes with f . 
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B.2 Generalized cusp 



The classical string solution corresponding to the Wilson loop introduced in section 2.2 



coin- 



cides (up to the mapping A — )• A) of the one for the AdSs x background in 0, to which we 
refer the reader for more details. Below we report the expressions which are strictly necessary 
to define the relevant formulas here used. 
The Nambu-Goto action reads 



VA 
2^ 



j dt dip cosh s\nh^ p+ {d^pY + {d^-Df , (B.20) 



and one finds the same set of conserved charges 



E 



sinh /ocoshp 



sinh2 p + {d^pY + {d^-dY 



J 



d^p-d cosh p 



The BPS condition is still given by -B = itJ, or 
the two parameters 



sinh2 p + {d^pY + {d^^Y 



(B.21) 



34 



J 1 

which are related to (f> and 9 via the transcendental equations [T] 

„2 



and one conveniently introduces 

(B.22) 



vr 



m 



64 



2hq 



where 6, k are in turn related to p, q via 



P 



b-^ + k^ 



l>'{l-2k' -k'b- 
WTk^ 



The classical equations of motion for p and {} appearing in (B.20) read then 

{d^pY = cos\Y p sinh^ P — sinh^ p — sinh^ p , d^p-Q = g sinh^ p , 
and the result for the classical action is 



tVa 2^64+^2 



27r 



6p 



fepsinhpo^(6^ + iy^^^,^ 



E(A:2 



(B.23) 



(B.24) 



(B.25) 



(B.26) 



where T is a cutoff on the t integral, E denotes an elliptic integral of the second kind, and pQ 
is a cutoff at large p to cure the standard linear divergence for two lines along the boundary. 
As usual, one can cancel this divergence by a boundary term, remaining with the second and 
third term within brackets in (B.26). 

It is useful to redefine the world-sheet coordinates (t, (/?) in terms of elliptic ones 



a 



^ = F(arcsin^|A;2) -K(A;^ 



bp 



(B.27) 
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Appendix C.2, which does not change here. 



One might refer to the vanishing of the total Lagrangean, see 
A study of the BPS condition on the gauge theory side, which is also useful for nonperturbative computations 
is carried out in 
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where the range of the new coordinates is 

-K < cr < K . 



-oo < r < oo . 



(B.28) 



The relation between and ip in (B.27) is given in terms of incomplete elliptic integrals of the 



first and third kind F and H |7j and one also finds 

cn{a) 



C = sn{a + K) 



dn{a) ' 



.2 ^ + b' 

cosh p 



6^ cn^ (cr) 



(B.29) 



The nice effect of the rescaling (B.27) is to put the induced metric in a conformally flat form 



ds 



ind 



cn^ffj 
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The 2-dimensional scalar curvature reads 
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It is useful to rewrite the equations of motion (B.25) for p,'d and add the one for (p fT] 



(B.31) 
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We also report here the expansion of the parameters (j), 9 in the relevant limit (p = 9 = 0, 
which is a p — )■ oo limit. 

^ ^ vr ^ 7r(3g2 - 5) ^ 3^(15g4 - 70g2 + 63) 

5^(7g2(5g4-45g2 + 99)- 429) 
^ 256p7 ^' 

vrg - 3) 3^g(3g4 - 30^^ + 35) 

^=7+ 4p3 + Up^ (^-34) 

^ 57rg(5g2(g4_2lg2 + 63)_231) ^ ^ ^ 
256p'' 

B.2.1 Fluctuations 

In carrying out the study of fluctuations, it turns out to be easier to use different parametriza- 



tions of the classical ansatz (2.9) for the "jump" in CP . In particular, while for the study 



of the fermionic spectrum we will be using the six coordinates in (B.5) and fluctuate over the 
ansatz 
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T2 = 0., 



(B.35) 



in the case of bosonic fluctuations we will use the parametrization (B.6), in terms of which 

wi = e2*^('^) , W2 = W3 = 0. (B.36) 



the ansatz (B.35) reads 
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TT 



21 



As an example, we could use the ansatze above (clearly equivalent to each other), as well as 
the one in (2.9), in the proposal 16 18,19 for the SU(4) tensor M^j representing the coupling 



^1 Mt C/ to the bilinear scalars in the ABJM Wilson loop 



5^ 



(B.37) 



written in terms of four internal 5^7(4) coordinates which are in a one-to-one correspon- 
dence with the scalars in ABJM theory. It is natural to identify the above with the 



coordinates embedding CP in C (B.8). From the ansatz (2.9) it then followe 
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(B.38) 



which evaluated at the extrema of the ^i-interval, i.e., at the boundary of AdS, should give 
a representation of the "jump" in the internal space for the Wilson loop, at least for the 
scalar coupling, The matrix (B.37) as well as (B.38) above are locally SU(3)-invariant 
matrices. Explicitly, on each of the lines forming the Wilson loop, they can always (separately) 
be brought to the form M = diag(— 1, 1,1,1) typical of the half-BPS Wilson line operator 
corresponding to the most symmetric string configuration. 



Bosonic fluctuations 



In evaluating the bosonic fluctuations for the generalized cusp we expand the Nambu-Goto 
action around the classical solution via the following variations 



p = p{a) + 5p, LP = Lp{o) + 5lp , 



vr 
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(B.40) 



in AdS4 and fluctuations over the ansatz (B.36) in CP^. Closely following j?], we use a static 
gauge where longitudinal fluctuations are set to zero, leaving the system only with transverse 
physical degrees of freedom. The fluctuations parallel to the world-sheet are 5t (set to zero 
from the beginning) and a linear combination of 5p,5ip5'd, where here -d = ti. Since the 



classical Lagrangian for the solution (2.9) is the same as in the AdSs x S case, the rotation 



that individuates the directions normal to the world-sheet will stay the same. Thus, we can 



Along the boundary, the ip-dependence of 6\ is the s-dependence along the loop. 

we can set Za = (2:4 , u>i 24 , 10224 , ) with 24 = 



In the case of the ansatze (B.36 
which it follows for the coupling ( |B.3 
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It is always possible to bring (B.39 1 above in the form (B.38 1 via a SU(4) transformat 
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construct the transverse fluctuations out of 5p ,6ip , d-d as in [T] 
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sinh p {p' 6ip — if' 5p) 
■\/ /o'2 + sinh^ p ip''^ 



. (B.41) 



We expect that the only difference with the AdSs x bosonic spectrum results in one less 
transverse AdS fluctuation and a splitting among "heavy" and "light" excitations in the 
transverse directions of CP^. Indeed, the resulting Lagrangian is 
1 



(B.42) 



where Ci = ^4' sinh p is the transverse direction in AdS4 , C2 = ^1 is the heavy transverse 
direction in CP^, and Cs, s = 3, . . . , 6 the remaining transverse light excitations in the compact 
space. The corresponding masses are 
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s = 3, 4, 5, 6 . 
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(B.44) 
(B.45) 
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2^/-b'^ + b'^p^ + p^\lb'^ sinh^ p - l^Jb'^ + p^ sinh^ 



2^/64 +p2^_54 + 52^2 +^2 



p (6^ + 62p2 ginh^ p — p2^ cosh^ p 
They match exactly the AdSs x case [t], apart from the factor 4 in the light modes M. 



(B.46) 
(B.47) 



Fermionic fluctuations 



Fermionic fluctuations are computed from the Green-Schwarz Lagrangian (B.14) with the 



covariant derivative as in (B.15). On the classical ansatz (2.9) the Gamma matrices pulled- 
back onto the world-sheet pa = daX^^ E^^Ta read 

po = KroFo , pi = p'Ti + (f'riTs + a'gT-j , n = sinhp , ro = coshp , (B.48) 

where we rescaled the isometry in CP'^ according to = (ri + T2 + T3) /4 in order to make 
contact with the classical solution in AdSs x S^, and introduced the constant factor k to 
rescale the time coordinate for later convenience. 

The effect of the local spinor rotation 6^ = S"^^, where 
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(B.49) 
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cosh p^/Wjfl 
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is to bring the pulled-back Gamma matrices into the two-dimensional form {xj, Xj} = gij 
To = S^^poS = aVo , 



Ti = S ^piS = aVi , 



with a 



' h^p^ cosh^ p 



(B.50) 



Above, a is the fourth-root of th e dete rminant in the conformally flat induced metric (B.30), 
and can also be written, as from (B.29), as a = ■ The rotated covariant derivatives are 



^0 + ^ (cos C sin Cro7 + cos ^ cos Croi) + ^ sin ^Fos 
2ro 2ro 



= S-^V{'S = 5'' (^-Tu + ^Vo) (ri3 cos C - Tar sin C)) • (B.51) 

The fluxes contribute as 
pjK ^ s-ijrJKs ^ ( Ip^^^FMiv M'"" + ^r''''''^FMNPQafA S (B.52) 
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^ ((i<72)"^'^ (Teg - Tss + sin (Fia + cos Cr47) - 3cjf ^ (cos C roi23 + sin C ro237)) • 



Collecting the kinetic terms and the fluxes we have ^ 



(B.53) 
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cos ^ sin C + C'^ TtV - sin ( (^' - rov?') TmV 

- 7 ((Teg - Tss + cos C r47) Tu + 3 cos C roi23) V]^, (B.54) 
where as in [321 we have reorganized the spinors via a suitable projector operator 

V = ^{l + ToTiTn) , (B.55) 

and a linear combination ^' = ^'^ + ^'^ of the two Type IIA spinors with opposite chirality 
has been introduced. A natural gauge choice to fix the K-symmetry is then 



(B.56) 



Since the operator in (B.53) is rather involved, we will work out the fermionic spectrum in 



two specific limits, the cases {(j), 9 = 0) (vanishing q) and {4>, 6 = 0) (p — )■ oo keeping k finite, 
such that q/p = ik/\/l — k? and h/p = l/Vl — k"^)- In total analogy with the AdSs x case, 
these are the two limits in which both the fermionic and the bosonic spectrum diagonalize, 
which makes it possible an exact evaluation of the corresponding partition functions. 



B.2.2 Partition function for = 

In this section we evaluate the partition function in the limit of vanishing 9. This means to 
switch off the "jump" in CP^ setting q in ( |B.22D to zero. The string is completely embedded 
in an AdSs subspace of AdS4. 



Terms of the type 'I/ Fa were written for completeness, since they vanish and can thus be ignored. 
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Bosonic fluctuations. In this limit the excitations C,"^ and in (B.42 )-(B.47) decouple 



{A = 0) and the bosonic modes reduce to six massless and two massive, one transverse and 
one longitudinal which can be rewritten in terms of the two-dimensional curvature 
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where R^"^^ is intended as the corresponding limit of (B.31). Not surprisingly, these are the 



same masses appearing in the AdSs x case at = [t] . 



Fermionic fluctuations. For vanishing 0, the parameters in the Lagrangian (B.53) have 

/To - 

the limits cos C — ^ 1 and a — >• oq = ^jjp^ cosh p. One finds then that Lagrangian Cp = '^Dp^! 
becomes 
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after rescaling the fermions by a factor y^2|ao|. One can diagonalize the operator V^'^ApV = 
—V^DpV {V commutes with Dp). One obtains thus 2 massless modes, 3 massive modes with 
m+ and 3 with m_ where m± are 
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2 I / 
_|_ — Oq ± Oq 



1 - A;2 ± Vl - /t2 dn ( 
cn ((t|A;2)^ 



(B.59) 



In the AdSs x S case at = 71, all fermions were massive with the same above. 



Efl"ective action. Due to the time-translational invariance the spectral problem is effec- 
tively one-dimensional. The resulting one-loop partition function can be then written as a 
single integral over the Fourier-transformed r variable dr = —iu for the ratio of determinants 
of the operators corresponding to the bosonic and fermionic fluctuations above 
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Above, T = / dr is the r-period, Oq = —d^ + and 
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(B.61) 



Above, IK = K{k'^) and the last equivalence implies that det Op = detO+ = detO-. In [t] 
these operators could be put into a single-gap Lame form and thus evaluated analytically via 
the Gelfand-Yaglom method (see for example | |75] ) . The latter is applied to a regularized initial 
value problem, where the Dirichlet boundary conditions (standard in this framework) are 
applied not at the extrema of the original a-interval (B.28), but considering — K+e < o" < K— e 



with e arbitrarily small. In Appendix D of [T] the reader can find the explicit form for the 
determinants, formulas (D.33)-(D.36), as well as a study of their small e and large w behavior. 



One can check that the redistribution of them within the integrand of (B.60) results in a small 
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e, infrared divergent behavior ~ log(l/e^) and in a large cj, UV divergence ~ log(l/a;^). We 
could perform then a standard renormalization, consisting in an explicit subtraction of these 
divergences, for which the one-loop effective action would assume the form 
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where the superscript denotes the regularized determinants. However, in the /c — t- limit 
corresponding to the straight line, this would result in a non-vanishing finite number which 
can be explicitly evaluated to be equal to 1/8. This is different from what happened in [T], 
where the standard renormalization was enough to reproduce, in the A: — )> limit, the expected 
vanishing partition function corresponding to the BPS state. The difference, which extends 
to the (p = analysis considered in Section B.2.3 is likely due to the presence of fermionic 
massless modes (B.58) here and of "light" fermions (B.77) at cp = 

To obtain the physically meaningful vanishing value in the /c — )• limit, we will take as 
natural reference the partition function corresponding to the /c — t- limit of our expressions. 
This is in fact the partition function for a straight line in global coordinates in this AdS/j^ x 
CP^ background. In the A; — )• limit, the (p and i) coordinates have trivial values, and at 
the boundary (p = 00) the straight line is described by the infinite time coordinate. The 
corresponding world-sheet in the AdS bulk, parametrized by coordinates whose range is now 



TT TT 

— < a < —, 
2 2' 



-C« < T = t < +00 



(B.63) 



is described by the p coordinate ( |B.29 ), which now extends all the way from the boundary 
to the center of AdS (where it vanishes) and then back to the boundary. In the general case 
{k 7^ 0), the p coordinate would have minimal value, an inversion point, at cosh^ p = ^'^r-- 
This inversion point coincides with the AdS center p = when k = (being 6^ = (1 — 2A;^)/A;^). 



In the same limit the induced metric (B.30) reads 

1 
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2(fc=0) 
"■^ind 
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and the corresponding two-dimensional curvature is R^'^^ 
reduces in this limit to the regularized term 



-2. The classical action (B.26) 
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At one loop one can perform a straightforward evaluation of the partition function, discovering 



not surprisingly that it can be written as in (B.60) with /c — )• limit of the fluctuations (B.61). 



^*We have checked whether the finite contribution obtained in the fc — >■ limit via the partition function 
with standard renormalization could result from the integrated effect of the contributions of massless free 
modes and lowest eigenvalues of the operators there appearing, much the same way the analysis done below in 
( |B.96[ )-( [B.99[ ) goes. This is not the case, since this contribution ends up to be proportional to k and therefore 
vanishes in this limit. 

■^^The classical description of the straight-line is equivalent to the one of [40[|53[[54] in the AdS^ x 
framework, the only differences being due to the fact that the analysis there performed is done in the Poincare 
patch. 
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We have checked that the corresponding determinants, evaluated via Gelfang-Yaglom method 



with Dirichlet boundary conditions using the regularized integral 



+ € < a < 



-€, result in 



the A; — )• limit of the determinants appearing in (B.62), and amount to the same IR and UV 
divergences, which makes the resulting partition function a natural normalization for (B.62). 

The regularization prescription described above results then in the following one-loop ef- 
fective action 
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where the prime refers to the normalization discussed before 
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From this exact one-loop contribution to the string partition function one derives the one-loop 
correction to the generalized cusp 



■^reg 



(B.68) 



The integral in (B.66) can be evaluated numerically with very high precision. It is much more 
interesting, however, to expand its integrand in a power series for small k and evaluate it 
analytically. Useful formulas for the expanded determinants can be found in j7] (see section 
D.4 there) resulting in regular hyperbolic functions over which an integration can be always 
performed. We directly report here the results for the contributions to the regularized effective 
action (B.66) up to order (where we omit the index 9 = 0) 
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It is useful to rewrite these results in terms of a p — t- 00 expansion, for which the connection 
to the straight-line expansion as an expansion in at small and can be made via (B.33). 
The l~loop correction (B.68) is then written as 

r 1 r 
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reg ' reg ' reg ^ reg ^ V 
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where we have used (B.27) and (B.24) (g = 0) from which in this limit follows 



+ 



45C(5)x 



+ 0(p- 



(B.70) 
(B.71) 



TIT 



1 



Vl - 2A:2 



(j92 + 4)V^ 

^JV 



1 



+ 0(p- 



(B.72) 



This analytic expansion is compared to a numerical evaluation of the partition function (B.66) 
in Figure [T| showing that its few leading terms give a very good approximation to the exact 
result. 
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Figure 1: Plot of the partiton function for 9 = 0. The straight purple line shows the small k 



expansion B.70 and the red dots show the result of numerically evaluating B.66 



B.2.3 Partition function for cj) = 

In this section we evaluate the contribution of fluctuations in the case in which minimal surface 
is within an AdS2 x subspace of AdS4 x CP'^. This corresponds to the limit p ^ oo which 
keeps k finite (namely q/p = ik/y/l — k"^ and h/p = — k"^). 



Bosonic fluctuations. Also in this case the excitations and C,^ in (B.42)-(B.47) decouple 



{A = 0), the fluctuation field has the same action as Ci, and one notice, with respect to 
the corresponding AdSs x case [t], the appearance of one heavy (M22) and four light 
(M33 = • • • = Mge) modes in the transverse CP^ directions 
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Above, masses are written in terms of the two-dimensional scalar curvature i?^^-* and the 



determinant of the world-sheet metric y^, again in the corresponding limits of (B.30) and 



(B.31) 



Fermionic fluctuations. In this limit the coefficient for the connection term Fiay in (B.53) 



becomes subleading in ^, thus we can neglect it, simplifying considerably the analysis. Then, 
the fermionic Lagrangian Cp = i^Dp^ is 



where 



cn(o'|fc2) 



A 



((r69-r58 + vi(a)r47)rn + 3^(a)roi23)j7^* (b.74) 

'vi'^^fc^^ ' ^'^^ again we have rescaled the fermion by iy2|aoo|- In order 



to simplify our analysis for the spectrum we use two further projectors P± = 2 (1 =1= ^5689), 
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which naturally commute with Dp and with V. Thus, the eigenvalues will be the solutions of 
the characteristic equations for the operators P^V"^ ApVP+ and PTV"^ lS.pV P- . 
Explicitly, one obtains in the first case (projection via P-|_) the masses 

1± A:2 sn(CT|A;2) 



m± 



l±sn(fT|A;2) ' 
with multiplicity 2 each, and for the projection via P_ 
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(B.75) 
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The first two masses (|B.75|) are as in the corresponding 
the k 



case in AdS^ x S" 



Notice that 

limits of (B.75) and (B.76) coincide. In that the masses (B.77) vanish in the A; — >• 



limit, one can consider the corresponding fermionic excitations as "light" in comparison to 



(B.75) 



Partition function. In writing down the explicit form of the partition function we can 
partially exploit the results of . The determinants of the masses coinciding with their AdSs x 
counterpart are written in formulas (E.15)-(E.18) there, where det Oq is now corresponding 
to the heavy transverse mode M22, det 0\ for Mn = Mss, det 0\ for M77 and det for the 
fermionic masses (B.75). The determinants for the light bosonic modes M33 = • • • = Mge are 



a slight modification of detOg, and read, at leading order in 1/e expansion. 
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About the fermionic fluctuation operators with the newly appearing masses (B.76)-( "B.77[ ), it 
is not surprising that can be rewritten in Lame form. Exploiting the same procedure as in [T] 
one can check that the determinant which takes into account the total contributions of ( B.76[ ) 



and (B.77) read respectively, at leading order in 1/e expansion, 
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As in the = case discussed above, regularizing the resulting IR- and UV-divergent ratio 
of determinants multiplying it for e^uj"^ would result in a non physical A: — t- limit (we would 
obtain again a non- vanishing 1/8 value for the partition function). We can proceed however 
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adopting the same regularization prescription and write down the analog of (B.66) reads here 
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Once again, one can proceed with a small /c expansion of the determinants and work out 
explicit analytic results. We find in this case 
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In a p — )• 00 expansion, one gets for the total one-loop correction 
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where we have used (B.27) and (B.24) {q = 0) in this limit 
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Figure [2] shows a plot of the expansion in (B.85) together with a numerical calculation 
of (|B]82]). 



B.3 Folded string 

The classical parameters and conserved charges are the same as in the AdSs x case, and 



we report them here for completeness. In the folded string solution (2.18), p varies from to 



its maximal value po, which is related to the useful parameter or A; by 

'2 1 2A;„. 2 



1 2 

coth pq = — = l + ri = 



K = — K, 



00= -K, 
vr 



(B.87) 



where the last two relations are obtained integrating the periodicity condition on the variable 
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a. The 2-d metric induced by the solution (2.18) on the (r, a) cylinder and its curvature are 
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The two conserved momenta conjugate to t and (p are the classical energy and the spin 
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Figure 2: Plot of the partiton function for (p = 0. The straight purple line shows the small k 
expansion B.85 and the red dots show the result of numerically evaluating B.82 



which in terms of the complete elliptic integrals K = 1C(A;2) and E = ¥,{k'^) read 
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(B.90) 



Finding the energy in terms of the spin (namely solving for k, or rj, in terms of S and then 
substituting it into the expression for the energy £) can be done in the two interesting limits 
of large spin (or long string limit: po — t- oo, i.e. r/ — t- or A; — t- 1) 



^ , log(87rcS) - 1 , log(87r5) - 1 , 

CQ = O -\ 1 ^ n ^ T 



vr 



27r25 



5> 1 



(B.91) 



where the leading log 5" term is governed by the so-called "scaling function" (cusp anomaly), 
and small spin (or short string limit: po — t- 0, i.e. — t- oo or /c — t- 0). 



So 



25 1 + -5 + 



5 < 1. 



(B.92) 



which results in the usual flat-space Regge relation [T , 47 



About fluctuations over the solution (2.18), in the case of the bosons they are obtained as 
a simple truncation of the AdSs x case, as explained in the main text. The analysis for 
fermions was already carried out in j29 32 , and we report here just the final steps. After 
suitable global rotation and rescaling, and again reorganizing the spinors via the projector 
operator (B.55) one obtains 
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Cf = iWad'^V^ + — p' ii-Ur + Fss - Feg) Fn - 3F 



0123. 



}■ 



(B.93) 



We have slightly different notation with respect to [29[|32| , due to a different labeling and ordering for the 
CP^ coordinates. 
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where again the hnear combination ^I^ = + has been used. Using the K-symmetry gauge 



fixing (B.56), the fermionic part of the quadratic Lagrangian can can be written in the form 



Cp = ^'Di?^, where 



BF = i[ Tad" + p'T], r = ^ (-r47 + Tss - Teg) Tn - ^ Toias 



(B.94) 



since now e'f'k = 2. Using logdet(Di;') = ^ logdet(Dj7')^ , and squaring the corresponding 



Dirac operator in (B.94), one obtains that the fermionic contribution to the 2-d effective 



action is governed by the foUowing differential operator 

= {V,pf = -dad- - p" TiF - p'^ {ff . 



(B.95) 



This operator can in fact be further diagonalized and one ends up with 8 effective fermionic 
degrees of freedom, of which two are massless and the remaining 6 have masses p'^ it p" . 



We report here an alternative expression for the one- loop energy (2.23) useful in the short 



string limit, which follows from separating the contributions of the massless modes of Oq (i.e. 
17^) and the lowest analytically known eigenvalues of the operators Oe,0^ and (see the 
detailed analysis of (4l], and Table 1 there). One gets 
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log 



(det' 



det' Os det' Oe (det' Oq)^ 



+ h{n) 



where 



det'Of, = 



det Oe 



det'O, 



det O. 



,,2 + ^2' ^^"^0,V-,O- ^2 



(j>,'tl>,0 



(B.96) 

(B.97) 
(B.98) 



Using that cin h{Vl'^) 
form 

El 



1 



1 



2 TT K, the one- loop correction to the energy (|2.23|) takes the 

(det'0^)6 



Attk 



dO log 



det' det' Oe (det' OqY 



(B.99) 



One makes use of the general expansion of the determinants, see |41j, to get the short string 

(det' O^Y 

et'Oo)^ 

(B.lOO) 



expansion of (B.99) 
El 



1 



1 



2 47rK 

1 1 - 

2 K . 



dJ^ log 



det' Oe det' (det' Oof 



1 - 3 log 2)r?-i + ( - § + I log 2 + ^ C(3))77-^ + O (rj-^) 



Substituting ^ = [l + ^r/ -"^ -|- 0{r] '^)] and the expansion of t] in terms of the spin (B.89), 



one writes (2.35) 



C Spinning strings in AdSa X X X 

In this appendix we consider spinning strings in Type IIB string theory on AdSa x x x S^. 



We first recollect some basic facts about this background. In section C.l we write down a 
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classical string solution carrying angular momentum in AdS as well as on both three-spheres. 
In the following section we derive the bosonic and fermionic quadratic fluctuation Lagrangians 
around this background. These results are the basis of the one-loop analysis in |3j where we 
expand te exact one-loop partition function around the long and short string limits in the 
case where only the angular momentum in the AdS part of the background is non-trivial. 
To complement the result in the main text we also consider spinning strings in the scaling 
limit, where all angular momenta are non-zero. These results can be found in section [0.4} In 
section C.5 we finally consider the embedding of the generalized cusp solution from \7j into 
AdSs X X X 

The metric of the AdSa x x x background is given by 

<^^AdS ~ ~ cosh^ p dt^ + dp^ + sinh^ p dcf^ , dsgs = d0j^ + cos^ I3± (d7± + cos^ 7-1- dv?^) . 
The background additionally contains a non-trivial Ramond-Ramond three-form 

e'^F = volfAdSg) + - vol(S^) + volfSM . (C.2) 

a 1 — a 

The supergravity equations of motion relate the radii R± of the two three-spheres to the AdS 
radius R via a "triangle equality" [7l] 

1 _ 1 1 

W~Rl^R 



A useful parametrization of the relation above i 

a=j^, l-a = ^. (C.4) 

Special values of a of interest to us are a — )• 1, arising when the radii of AdS and the one of 
the two spheres become equal and the other sphere decompactifies, and a — >■ ^, corresponding 
to the two spheres having the same size. The a — )• 1 limit is of particular importance, since 
the resulting setting should be Type IIB string theory on AdSa x S^ x T^, as suggested by 
the coset analysis in [50 
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C.l Spinning string 

A classical string carrying three spins in AdSs x S'^ x S'^ x S^ is obtained from the ansatz 

t = KT, 4> = ujT, p{a) = p{a + 2-k) , 
= z/+r , = u^T , 1± = I3± = U = Q . 



*^The same parameter a also appears in the exceptional Lie superalgebra 0(2, 1; a), two copies of which form 
the super-isometries of AdSs x x S^. Notice that the choice (C.4 1, for which a must lie between zero and 



50 



one, corresponds to the choice of the real form of 0(2, 1; a), which is the one of interest to us 

''■^Concerning the isometries of the background, when a — >■ 1 the 0(2, algebra turns into psu(l, 112)'^ 

which is the algebra preserved by AdSs x x T*. From the fact that 0(2, 1; a) is isomorphic to 0(2, 1; 1 — a) 



and from (C.4 1, it is clear that the only difference between the a — >■ and a 1 is in choice of which of the 



two three-spheres becomes decompactified. 
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The Virasoro constraint (implying (C.6) for (J ^ 0) reads 



The equation of motion coincides with the one for its AdSs x counterpart 47 

p" = coshp sinhp (k^ — w^). (C6) 

(C.7) 

, . (C.8) 

a I — a 

In order to further quantify the distribution of the angular momentum between the two spheres 
we introduce the parametrization 



where 



/2 2 t,2 2-1,2 2 

p = K cosh p — uj smh p — v 



+ 



vj^ = V~a6 z/ , z/_ = a/(1 — a) (1 — 6) v , 

where < (5 < 1. 

The above solution carries the Noether charges [1,47 
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2-71 
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Jo 


da vj^ 
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J- = ; 


k'- = 




da V- 


Jo 


27r 1 - a 



1 — a 



It is convenient to perform a rotation in the ip± directions by introducing 

^ [Y^ , ll-5 



1-5 

a V 1 — a 



a 



-1/3+ + 



1 — a 



The classical solution in these directions then takes the form 

We also introduce the corresponding angular momenta 
J 



ij = VXJ. 
^/a{l-6) J+ + V(l J_ = . 



(C.9) 



(C.IO) 
(C.ll) 
(C.12) 
(C.13) 



(C.14) 
(C.15) 

(C.16) 
(C.17) 



The classical energy £ of the string can now be obtained as a function of the charges S and 
J and can be expressed in terms of elliptic integrals. We will not write down this expression 
here, but just note that it takes the same form as for the spinning string in AdSs x [l 



47 



76 
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C.2 Bosonic fluctuations 



The leading quantum correction to the energy of the solution can be evaluated by expanding 



the action to quadratic order in fluctuations near the classical solution (C.5) and computing 
the corresponding partition function expressed in terms of determinants of the quadratic 
fluctuation operators. The fluctuations are introduced by 

t / \ P i 4> ''''■P 



where, for convenience, we have rescaled the fluctuations (5± and 7± by constant factors. 
Using the standard static gauge (t = and /) = 0), and in units where the radius of AdSa is 
set to one, the bosonic fluctuation Lagrangian reads 



,2 



,v / a;^sinh^/9\ - / \ 2a;i^ sinh^ p „ - „ 

2C2B = Sinh^ /5 ( 1 + — (^7j^ ) ^V^a*/- + ( 1 + + ^-,^2 ^ V^a'^ 



+ ul0l + f^) + ulCP-+f-^)- (C.19) 

The first line of the equation above coincides as expected with the coupled part of the (static 
gauge) bosonic fluctuation Lagrangian for a folded string in AdSs x embedded into AdSs x 
[48] We note that the a- and (5-dependence only resides in the masses of the trivial (non- 
coupled) fields I5± and 7±. For a = 6 = 1/2 these fields have mass v/2 which coincide with the 



masses of the light transversal fluctuations around a spinning string in AdS4 x CP^ 
For a = (5 = and a = 5 = 1, on the other hand, two of the excitations become massless and 
the other two have mass like the fluctuations on the sphere in AdSs x 47 . For a further 
discussion on this limit see section [331 



C.3 Fermionic fluctuations 

The quadratic part of the Green-Schwarz action for fermions reads |^77J 

Cgs = ^ (y^h-H'' - e»V|-^) e'paDi'^Q'' , (C.20) 
where the super covariant derivative is 

Bi^e^ = 6'^ (a, + luifd^X^'T^s) + ^Fm^pF^^^p, af^e^ . (C.21) 

''^The "transverse" fluctuations, not coupled, obviously differ. In AdSa x x S'^ x we have two massless 
fluctuations, one in x S"^ and one in the S^, as well as two massive fluctuations in the first (constant mass 
u'^) and two in the second (constant mass ut). In the AdSs x case one gets four transverse fiuctuations 
in Ss with constant masses and two in AdSs , with non-constant masses 2p'^ + . 
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Above, the coupling to the RR three-form flux is written explicitly as 



(C.22) 



For the classical solution (C.5), the 2-d projections of F-matrices pa = daX^ E^^Ta are 

po = KcoshpFo + a;sinhpr2 + -^Ts H — , ^~ Tg , pi=p'Ti. (C.23) 



a 



To put the GS action (C.20) in a suitable form for 2-d fermion in curved 2-d space, one can 
perform a local rotation of the spinors {9^ = S^^) using the combination of boosts 



S = [ cosh I + sinh ^^02 j (^cosh ^ + sinh ^roF ) , 



where 



and the parameters in (C.24) are defined by 

K cosh p 



cosh^ 



cosh^ 



(C.24) 
(C.25) 

(C.26) 



It then immediately follows that the set of fi-dependent 10-d Dirac matrices are transformed 
into ten constant Dirac matrices = S'^paS, tq = p'Tq, ti = pTi, and 



S-^doS = do , S^^diS = di + 



KOJ Tq2 hi^v T2T p" fToT 



+ 



S ^ -OqX^^ ujfpT BcS = 



2 + ^2 2 p'^ + U^ 2p' + ' 

KOJ „ p" 



ri2 + 



2p' 2Vp'2 + 2p'y;^ 



=rir. 



(C.27) 



Rotating similarly the flux term in (C.21), choosing the gauge-fixing ^^ = ^1/2 = ^ and 
rescaling the fermions by a factor y^2\p'\, the complete Lagrangian (C.20) reads 



-GS 



KOJU 



2(p'2 + zy2) 



ri2r + ^ r 



p (-r.012 



.678 



+ 



\fW^ - P' rp012 



Q(5r34 + ^(1 - a)(l - 5)r67) f ) }^ , (C.28) 



Note that with the gauge choice = ^'2 = vl/ only the symmetric part of the Lagrangian 
(C.20) contributes. 



C.4 The scaling limit in the long string approximation 

The spectrum of quadratic fluctuations around the spinning string significantly simplifies in 
the limit where we take k ^ 1 with u = u/ n fixed 76 . From the Virasoro constraint we then 
find 

p'{(j) = \/k2 _ ^2 ^ (C 29) 
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We will restrict our analysis to the case 5 = a "^ The bosonic Lagrangian ( C.19 ) then describes 
eight fluctuation modes with the frequencies 



uj?4n) = n, oji^^in) = \/ + a^v'^ , w^^g (™) = \A^^T(r^"^^)2^ , (c.30) 

(C.31) 



n' 



From the quadratic Green-Schwarz action in (C.28) we find four fermionic modes with fre- 
quencies 

(C.32) 



k2. 



The frequencies of the four other modes are given by solutions to the quartic equations 



' F\2 2 



+ {l-a) 



2 2 



(C.33) 



These equations are straightforward to solve, but the general solutions are quite involved. 
Here we will consider the special case of a = 1/2, where the two three-sphere have the same 
radius. We then find the frequencies 



^lAn) = \h? + 



{CM) 



The one-loop correction to the string energy can be found by summing over the quadratic 



fluctuations 47 . Hence we need to calculate the sum 

^ 8 

- y 



a=l/2 



i=l 



(C.35) 



For K 1 we can replace the summation with integration. The various terms in this integral 
are very similar to what was found in the one-loop analysis of the spinning string in AdS4 x CP^ 
in 29 , and can be calculated in a similar fashion. The flnal result for the one-loop correction 



to the string energy then takes the form 



a=l/2 



V 

2u 



'l — u^) + \/ 1 — — log u 

- (2 - li^) log (^1 + Vl - -2(1 -n^) log 2^ 



(C.36) 



This expression is very similar to the AdS4 x CP^ result of 29 . Comparing the two energies 
we have 



E- 



a=l/2 
1 



7;,AdS4 
^1 



2u 



log n + (2 - u^) log \/2~ 



It" 



(C.37) 



^^We also note the limit, where the string becomes point-like and moves along a null geodesic |50| . 

In order to write the masses of the fluctuations in a compact form we introduce a = sin^ u and S = sin^ v. 
The bosons then have masses 0, Ksinu sin?;, kcosm cosv and 1, while the fermionic masses are Ksin'^ and 
with all modes doubly degenerate. In particular, for v — u the point-like string is supersymmetric, 



„2 u±v 



and the spectrum reduces to the BMN-like spectrum of 50 
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Taking the u — )• limit in (C.36) and including also the tree- level energy we obtain 



E-S = fiX)logS., 



/(A) 



A 2 log 2 



(C.38) 



vr vr 

where we used that k = (logS')/7r. This result for the scaling function /(A) for AdSa is 
identical to what we found in section [3^21 



In 51 it was proposed that the spectrum in the SL(2) sector for a = 1/2 is described Bethe 
equations 



K 



1 



n 

k=l 



k=l 



^k 1 



-a {xi,Xk) ■ 



(C.39) 



The form of these equations is exactly the same as for the corresponding sector in ABJM |28| . 
This similarity is only superficial since here is no a priori reason for the dressing phase factor 
a to take the same form in the two models]^ However, let us assume that also the one-loop 
correction to the phase agrees. We can then use the results from [28] for the energy of the 
spinning string, which give 

E-S = f{h)\ogS + -- - , (C.40) 



with 



f{h) = 2h 



3 log 2 
27r 



+ 0(l//i). 



(C.41) 



Hence we find that the above result from the Bethe ansatz agrees with our string theory 
calculation provided 



h 



a 



1/2. (C.42) 
This correction to h{X) is similar to what is found in the analysis of AdS4 x CP'^ in 
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However, there has been some controversy over this result. In 33 , the same calculation 



was performed using the algebraic curve [43] . The result of this calculation was that the 
one-loop correction to /i(A) was trivial. The difference between the two calculations is in 



the regularization of the UV-divergences. In the world-sheet calculations in 29,32] (see 



also 30,31]) the same cutoff was used for all modes. In the algebraic curve analysis, on the 
other hand, it is more natural to split the modes into "light" and "heavy" modes, and impose 
different cutoffs in the two sectors so that Aheavy = 2Aiight. It would be interesting to redo 



the above calculation using the algebraic curve in 50 to see if there is a similar ambiguity 
also in AdSs. 

It is straightforward to repeat this analysis for a = 1. The spectrum is now even simpler. 
There are four massless bosons, two bosons with mass v and two bosons in AdS with dispersion 



relations given by (C.31). Furthermore, there are four massless fermions as well as four 



fermions with mass k. This spectrum gives the one- loop energy 



[l-u^) + Vl-u^-u^ logu - (2 - u^) log (^1 + \/l - ^2^^ . (C.43) 



As discussed in [50[|51| the leading strong coupling behavior of a should take the same form as in AdSs x 



78. 
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In this case it is natural to compare our result to that in AdSs x 76 



^a=0 _ ^AdSs ^ ^ J^^2 u+{2- u^) log ^2 - u^^ . 



(C.44) 



Note that the right-hand sides of equations (C.37) and (C.44) differ only by an overall factor 
two. 



In [50] a set of Bethe equations for the spectrum at q = 1 were given. The relevant equation 
for the case at hand is 
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k=l 



X- — X 



+ 1 



^a'^{xi,Xk) . 



k=i 



^k 1 



(C.45) 



Note that this equation differs from (C.39) by a minus sign on the right-hand side. This 
makes (C.45) identical to the Bethe equation for the SL(2) sector of AdS5 x S^. If we again 



assume that the dressing phase a is the same in the two models at next-to-leading order at 
strong coupling, we find the scaling function [79] 



f{h) = 2/1- + 



TT 



Hence we now need to have 

h ■- 



(C.46) 



(C.47) 



Comparing (C.41) and (C.47) we note that the one-loop correction to /i(A) predicted by our 
calculation is different in the two cases. In particular the correction is negative at a = 1/2 
and positive at a = 0. 



C.5 Generalized cusp in AdSs X X X 

For completeness we will in this section report on the action of quadratic fluctuations around 



the same solution considered in section 



2.2 



Such solution lives in AdSs x S^, hence it can be 
straightforwardly embedded in AdSs x x S'^ x S^. 
The classical solution is given by 



t = T, 4> = a, p = p{a), U = 0, 
/3+ = , 7+ = , ip+ = Va6ip{a) , 
/3_ = 0, 7_=0, if. = y^{l-a){l-6Ma) 



(C.48) 



The parameter 6 describes the embedding of the non-trivial circle of the solution into x S^. 
It is again useful to define the coordinates 



6 1-6 

+ V ~^ 

a \ I — a 



1-6 



a 



-f+ + 



1 — a 



(C.49) 



so that the classical solution takes the form if = ip{cr), ^ = 0. 
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Introducing fluctuations in the same way as in (C.18) and using the same static gauge as 
was used for the AdS4 x CP^ calculation we find that the action for the bosonic fluctuations 
can be written in terms of eight fluctuations Cpi P = 1) • • • > 8, as 



1 



(C.50) 



where g is the induced world sheet metric. The coefficients M77, Mis = M^y, Mgg and A take 
the same form as in AdS4 x CP^, see (B.47). The rest of the mass matrix M is diagonal with 
the entries 



Mi, 



M,, 



0. 



ip,p2 cosh^ p 

b^-bV-p^ 



a6 , 

(l-a)(l-(5) 



i = l,2, 
s = 3,4, 

s = 5, 6 . 



(C.51) 



Ij2p2 cosh^ p 

The four massive modes have masses that are proportional to the massive modes on the sphere 
in AdSs x S^, with a- and (5-dependent coefficients. 

After fixing K-gauge and performing a rotation in spinor space, the quadratic Green-Schwarz 
action takes the form 



GS 



J^^^^smcr,,f + i(r--^r3- 



Vl-aT' 



678 



sin2^fr0i2 



(C.52) 



where the rotation parameters take the same form as in AdS4 (see (B.49)). 



In the limit g — )• limit considered for the AdS4 case in section 2.1 the Lagrangian (C.52) 



describes four massless fermions and four fermions of unit mass. We also get seven massless 
bosons and one boson of mass two. Hence the spectrum we find in this limit agrees with the 
results of |53| for all values of a and 6. 



D Fluctuations about the folded string rotating in AdSs X 

We revisit here the analysis of the bosonic and fermionic spectrum of fiuctuations above the 



closed string solution rotating in AdSs x 47 , showing that to the coupled system of bosonic 



modes 147 48 corresponds a non trivial fermionic mass matrix. 



In the evaluation of the fermionic spectrum, we follow the steps and notation of 47 . We 
apply to the fermionic Lagrangian 



ah ^ab gIJ \ 



-9 9"' 6 



¥ paV.e-^ -'-e-^'^e'paT, p^Q"^ 



(D.l) 



evaluated on the solution t = kt, p = p{cr), (p = ujt, ip = vt, two local boosts in the (0,2) 
and (0, 9) planes 

5 = exp (^Po P2) exp (^Pq P9) • (D.2) 
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where the indices (0,1,2,9) are used to label the t,p,(j),ip directions in the tangent space. 
After the field redefinition 0^ ^ = S~^9^ and choosing the ip^ = ip"^ K-symmetry gauge 
one gets {\/—g = p'^) 



n'2 



234 



(D.3) 



where (tq, n) = p' {Tq, Ti) and V'j = dj + S'^ dj S + ^ftf S'^TabS. Since 



(D.4) 



and using the two-dimensional connections V,- = dr + ^roFi, Vo- = So-, the Lagrangian 
reads 



129 



2(p'2 + 1/2 

Weyl-rescaling the fermions {ip — )• p'~^/'^%l^) the fermionic fluctuation Lagrangian is finally 



(D.5) 



CF = 2i^lJ Dp V', = r" 9a + a(a) r234 + 6(tT) Tiag , 



with 



V KOJ 



2(p'2 + 1/2) ■ 



(D.6) 
(D.7) 
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With respect to (5.41) in |47|, the additional connection-related term b[a)Ti29 is present 
The fermionic operator (D.6) can be then rewritten as 

DF = T''Da + a{a)T2M, T,a = da + Aa, with ^0 = 0, ^i=6(a)r29, (D. 
and one can get rid of the non-trivial connection term Ai performing a local rotation 



T = exp ( ^FsFg ) . 



(D.9) 



The rotated fermionic operator Dp defined by Cp = 2 ^' Dp"^, where = T ^i/j, reads then 



Dp ■=T-^ DpT = i 
and the contribution ri29 disappears by requiring /3' = — 2 6(cr), nameljj^ 



V'da + a{a) (cos /3 + sin /3 Tg ) + ( h{a) + ^ ) Tug 



V KUJ 
pt2 _^ j^2 



or P{a) 
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^2 — a;2 



K? — a;2 



9 Pi O o 



Squaring now Dp, one obtains (' represents the derivative with respect to a) 



Dl = -dad" + a^{a) - (^a{a) cos P{a) ) T 

= -dad'' + , 



1234 



a{a) sin/3(cr) ) ri349 



(D.IO) 



(D.ll) 



(D.12) 
(D.13) 



''^We thank A. Tseytlin for discussing with us this new feature, and thank him and Y. Iwashita for double- 
checking the correctness of ( |D.6[ )-( [D?fl l via the Pohlmeyer-reduced theory action expanded near the folded 
string string solution with orbital momentum J 
■^^This is the same as (C.27) in [?]. 
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The highly non-trivial mass matrix X^r has a simple trace 

TV = 16 a^{a) = 16 {p^ + i^^) , 



(D.14) 



which is exactly as in 47 , where 8 two-dimensional fermions were found with mass p'^ + 
v^. Thus, the analysis of the logarithmic divergences coming from the fermionic part of the 
actior^^ coincides with the one in [47]. 



Next, let us consider the operator (D.6) in the limit of p' constant, when 

2 



/2 2 

K~a;, p + 1/ ^ K 
The operator has then constant coefficients 
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Df\ 



/3'=const 



T'' da + aT 234 + bT 
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r'^9a-Kr234 + -ri29 



(D.15) 



(D.16) 



and the spectrum of characteristic frequencies is immediately computable. This corresponds 
to 4+4 effective fermionic degrees of freedom with frequencies 



n 



0,±1,±2,.., 



(D.17) 



In the sum over all frequencies the shifts ib| cancel each other, the fermions behave as 8 
fermionic degrees of freedom with frequency \/r?~-j-7?, as considered in 



47 



and 
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The comparison with the bosonic spectrum becomes more transparent when performed in a 
static gauge where the fluctuations along the world-sheet directions are set to zero. Therefore, 
expanding the bosonic action to quadratic order in fluctuations near the classical background 



one should not consider fluctuations oi p {p = 0) and should project out one direction parallel 
to the world-sheet in the r direction. One then chooses two linear combinations of i, (j) and 
(p which are normal to the world-sheet and freeze the third direction, which is tangentia 
For the normal directions one then chooses 

K sinh^ p (p'^ + v'^ — w^) cj) — uj cosh^ p (p'^ + v'^ — k?) t 



K V cosh^ /9 1 + (/o'^ + z^2) Q — vbj sinh^ p i 



(D.20) 



P' + 

where p, p' are evaluated for the classical solution, and C? and Cs are unit normalized so to 
have canonical kinetic terms. The resulting action takes the form 

I^B = IValg"' daCp dbCp + A(C85<xC7 - CrdM) + MpqCpCq] , P,Q = !,■■■ ,8 (D.21) 



''^Recall that they do not cancel against the ones corresponding to the 2-d bosonic theory, leaving a divergence 
proportional to the two-dimensional curvature. 

''^The same procedure was adopted in [t], where indeed this symmetry between the bosonic and fermionic 
spectrum has been first observed. 
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with (recall = p' 



/2^ 



1 KUUJ KVLxJ p" {p'"^ — v"^) 
o V 5 ^ — —p2~, 2 ' — ^87 — /3 / 2 I m2 — 



Msg ^ 



(D.22) 



2p'2 + Z.2 j,2 

Mii = ^^ ' ^ = 1,2, M,, = 5 = 3,4,5,6. 

A field redefinition should relate the expressions here obtained with the ones following by 
setting, in static gauge, p = t = 0. In the — )• limit ^ = and the the first-order terms 
do not anymore contribute, Mji\,^=q = 2p'2 + ^^^^^ and the massless mode Mgsl^^Q = as 
expected. 

The first order terms can be eliminated by the ir-dependent rotation 



C7\ ^ / COS/3 sin/3\ Cr 
Cs I -sin/3 cos/3 / [Cs, 



(D.23) 



where f3{a) solves the equation 



This also shifts the masses [Mpq — t- Mpq) and one ends with the Lagrangian 

= Ivsla"' daCp dbCp + MpqCpCq] , (D.25) 



where 



o« V9,2 



M77 ^ M77 = - (^M77 + Mgs + (M77 - Msg) cos 2/3 - Mjs sin 2/3 - ) , (D.26) 



Ms8 ^ Msg = - (^M77 + Msg - (M77 - Msg) cos 2/3 + M7g sin 2/3 - J , (D-27) 

M78 ^ M7g = ^ (M78 cos 2/3 + (M77 - Mgg) sin 2/3) (D.28) 

and the remaining masses stay the same. It is important to notice that the same rotation 
(D.ll) that eliminates connection- related terms in the fermionic Lagrangian is also the one, 
(D.24), which cancel the first-order terms in the bosonic fiuctuation Lagrangian. 
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